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Introduction

It is well known that the BER performance of a parallel

concatenated turbo-code improves roughly as 1,IN, where N is the

information block length. However, it has been observed by

Benedetto and Montorsi that for most parallel concatenated

turbo-codes, the FER performance does not improve
monotonically with N.

In this report, we study the FER of turbo-codes, and the effects of

their concatenation with an outer code. Two methods of

concatenation are investigated: across several frames and within

each frame. Some asymmetric codes are shown to have excellent

FER performance with an information block length of 16384.

We also show that the proposed outer coding schemes can

improve the BER performance as well by eliminating pathological

frames generated by the iterative MAP decoding process.
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Asymmetric Turbo-Codes

Asymmetric turbo-codes are parallel concatenated turbo-codes with

different component codes. The following component codes appear
this report:

Table 1 Table of Component Codes

Code

Berrou

P16

P32

P64

Feedback poly (oct)

37

23

51

103

(non-primitive)

(primitive)

(primitive)

(primitive)

Feedforward

21

35

77

171

poly (oct)

in

4
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Pathological Frames generated by the

Iterative MAP Decoder

A

iterative MAP

not converge.

10000

1000

LU

m 100
0

10

1
0

pathological frame:

P64-Berrou Turbo-Code, Rate=l/3, Inf. Block Length=16384, Eb/No=O.4OdB
................................. I ................................. I ................................

decoding
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Iteration

1) takes much longer than the average

iterations to converge, 2) oscillates,

number of

or 3) does
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Outer Coding Across Frames (1)

We have studied a scheme to improve the FER and BER performance

of "primitive" and "asymmetric" turbo-codes.

Typical behavior of a "primitive" or "asymmetric" turbo-code"

1. The FER of the turbo-code is below 10-4.

2. The bit error locations in an erroneous frame are not random.

3. There is more than 1 bit error in each erroneous frame.

We can improve the

using"

FER and BER performance of the turbo-code by

1. A (127,120) Hamming code across a block of 127 frames.

2. A different scrambler for each frame prior to turbo encoding.

3. A simple algorithm to correct up to 2 erroneous frames in a block.

J
8



Outer Coding Across Frames (2)
In the next three slides we show figures corresponding to typical cases

of the decoding algorithm. First we sort the rows containing errors
corrected by the Hamming outer code in decreasing order of the

number of errors corrected per row. Then we have the following cases:

II Only one row contains errors corrected by the Hamming code. In

this case, we take no further action and assume decoding is
correct.

II

tl

Two rows contain errors corrected by the Hamming code. (The
corrected positions must be disjoint.) Again, we take no further
action and assume decoding is correct.

Three rows contain errors corrected by the Hamming code, but
the rows are linearly dependent. In this case, we assume that the

row with the smallest number of errors was actually correct, and
instead, errors in the corresponding positions occured in the other
two rows.

If three or more rows contain errors corrected by the Hamming code,
and the rows are not linearly dependent, we cancel outer decoding and
take the result of the inner turbo-code, since the probability of
miscorrection is high.

9
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120

Outer Coding Across Frames (3)

16380

Information

16380

Hamming
Encode

Each Column

127

16380 Scramble and

Turbo Encode

Each Row

Information 127 I
16380

Turbo Decode

and Unscramble

Each Row

Hamming Decode
Each Column

(D

r,.)
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120 I

120 I

Outer Coding Across Frames (4)

16380 Hamming
:- Encode 16380 _- Scramble and

Each Column Turbo Encode
Each Row

Information
127 I

16380 16380

Information 127 [] [] U

Turbo Decode

and Unscramble

Each Row

Hamming Decode

Each Column

cD

r..)
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120

120

Outer Coding Across Frames (5)

16380

Information

Hamming
16380Encode

Each Column

127

Scramble and

Turbo Encode

Each Row

16380 16380

Information
127 I []O [] [] i

[] []

m

(This row is a linear combination of

Row with the largest number of errors

Row with the second largest number of errors

Row with the third largest number of errors

and Bill)

Turbo Decode

and Unscramble

Each Row

Hamming Decode

Each Column

[] Assume these positions are correct

[] [] Assume these positions are in error

12
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Outer Coding Across Frames (6)

• For a FER of f_ -- 10 -4 after inner decoding, the probability of no

frames, one frame, and two frames in error in a block of 127

frames are p(0) = (1 - f/)127, p(1) = 127f_(1 - f/)126, and

p(2) -- 8001(fei)2(1 -- f_)125, respectively.

tl Assuming that the case with more than two frames in error at the

outer decoder is not incorrectly decoded as one or two frame

errors (a very unlikely event), the FER after outer decoding can be

estimated as f3- f_--p(1)/127--2p(2)/127 = 7.8 x 10 -9, a reduction

of about four orders of magnitude.

tl Moreover, because of the pathological frames generated by the

iterative MAP decoder, the BER of the concatenated scheme is
also greatly improved.

13
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Outer Coding within Each Frame (1)

Simulation results indicate that even at low SNR's, the FER

performance of asymmetric turbo-codes can be greatly improved

by allowing a larger maximum number of iterations and using an

outer BCH code with a correction capability of 5 errors on top of

each frame. For a code length of 16384 information bits and a

rate of 1/3, the rate loss due to the BCH code is only 0.03riB.

This improvement is possible because for asymmetric codes,

almost all frames in error result in a small number of information

bits in error even at low SNR's. Moreover, the BCH code provide a

very reliable (small undetected error probability) stopping criterion

for the iterations. We also note that the FER performance of the

symmetric turbo-codes are greatly improved by the same
technique.

14



Outer Coding within Each Frame (2)

O The undetected error probability of a BCH code is calculated

assuming that each of the outputs of the iterative MAP decoder

during the convergence process are uncorrelated with the

codewords of the BCH code. For a BCH code with parameters

(n, k, t, 7), where n is the codeword lencjth, k is the information

length, t is the maximum error correctincj capability of the code,

and T =< t is the actual number of errors corrected by the

decoder, the undetected error probability p_ can be estimated as:

Pu --
2n 2n--k •

0 Note that because of the size of the parameters that we intend to

use for the outer code (large n and k, small t and T), the

undetected error probability p_ can be drastically reduced by

making T slightly smaller than t. For example, for a

(16383, 16285, 7, 7) code, pu -- 1.98 x 10 -4, whereas for a

(16383, 16285, 7, 6) code, pu -- 8.47 x 10 -8.

15



Outer Coding within Each Frame (3)

In the next slide we show the FER performance of an asymmetric

P16-Berrou code, an asymmetric P32-Berrou code, and the symmetric

Berrou code with a (16383,16271,8,5) BCH outer code. The number of

redundant bits n- k of this BCH code is 112, and hence

p_ -- 1.89 x 10 -15. A maximum of 50 iterations is allowed. Note,

however, that for the simulated SNR range, the average number of

iterations per frame is much lower (on the order of 10) than the

maximum due to the stopping criterion provided by the BCH code. An

implementation of the turbo codec requires 16380 information bits and

4 tail bits for a 16-state component code. The outer code is applied

only to the information bits and then the tail bits are computed. Hence

we use a shortened (16380,16268,8,5) BCH outer code.

16



Outer Coding within Each Frame (4)
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Conclusions (1)

0 The P64-NP16 turbo-code provides very good FER performance

of about 5 x 10 -5 at an SNR of 0.4dB, which is more than 2 orders

of magnitude better than the FER performance of the 16-state
Berrou code at the same SNR.

tl The concatenation of the P64-NP16 turbo-code with a

code across 127 frames provides a coding scheme with

the order of 10 -8 , although decoding delay is increased.

Hamming

an FER on

tl Also, the concatenation greatly improves the BER performance by

eliminating the large number of bit errors in the iterative MAP

decoder due to pathological frames.

18



Conclusions (2)

Q

BCH outer coding within each frame is a very robust coding

scheme. It provides an excellent stopping criterion for the

iterations of the MAP decoder and also efficiently corrects some of
the pathological frames.

tl

II

The undetected error probability of the BCH code can be made

very small by reducing its error correction capability.

Simulation results show an impressively low FER of 10 -5 at an

SNR of only 0.26dB, an improvement of more than three orders of

magnitude compared to turbo decoding without an outer code, for

a rate 1/3, information block length 16384 turbo-code. This

method also eliminates the long decoding delay resulting from
using an outer code across several frames.

tt

The rate loss due to outer BCH coding within each frame is only
approximately 0.03dB.

19 :_
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The Bootstrap Hybrid Decoding Idea

0 The BHD scheme

by adding an extra

works,

parity

as shown in the next figure,

constraint to a set of m

codewords, each L bits long, from a convolutional

code, resulting in an additional sequence which, due

linearity, is a codeword itself.

to

• Here xj (Xj,l,''" ,Xj,L) is the j-th codeword, for

j 1,...,m, and x,_+l (x_+I,1,''',x,_+I,L) is the

additional parity sequence. We will also denote the

column in the above array by cT, i.e.,

ci (Xl,i, x2,i,"'', x_+l,i), i 1,..., L.

i-th

5



The

X2_1 [

Xm,1 [

Xm+l,1

Bootstrap Hybrid Decoding Idea

xl,2 i i xl,3 I ... xi,L_l xl,L I

X2,2 X2,3 ''' X2,L 1 X2'L I

Xm,2 Xm3, ... Xm,L_l I [ Xrn L ®

6
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II After some

rewritten as

manipulation, the likelihood function can be

P(Yj,i Xj,i)
-R-t- _i (Yi,b, b )

where

Yi

is

This term can be

Y_,b is the vector containing

corresponding to the sequences

the adjustment theterm due to

computed

the components of

in D, and _i(Yi,b,D)

parity constraints.

directly by adding 2l- 1

values, called channel state values, which are

upon receiving the codeword and are updated

the decoding process.

computed

during

12
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The Iterative Procedure

0 If the

channel

division

based on

which is

channel

j-th sequence is successfully decoded,

state sequences are updated (basically

operation for each value in

the decoding estimate for

assumed correct

each

that

and therefore

then

a

the

sequence)

sequence,

determines the

noise for that sequence. Note that it is

estimate, or

which

else the

could

a sequential

important to have a highly reliable

channel state update would be incorrect,

cause error propagation. For this reason,

decoder with a long constraint length code is preferred.

13
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II The decoder then checks if there is any undecoded

sequence that can be decoded based on the parity

constraints. This is done based on the column vectors

_i, which contain the decoder estimates for ei. For

in Z), thesequences corresponding

will be blank, i.e., treated as erasures, and

can be decoded (successfully or not) based

erasure-correcting capabilities of

components of _{

therefore

on the

the column code C.

14
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It

number

the overall

the next

channel state

undecoded erasures remain

of computations is exceeded,

frame is declared an erasure

The decoder then proceeds to decode

undecoded sequence with the updated

sequences, until no more

some maximum

in which case

and the decoded sequences in D are released.

or

15
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tt

Simulation Results

Computer

the performance

Two cases were

simulations

of the multiple parity

selected, one with two

and 18 codewords, and the other with three

sequences and 27 codewords. In both cases

codeword contains 1000 information bits.

these two cases are shown in the next two

are labeled BHD/2 and BHD/3, respectively.

have been performed to evaluate

sequence BHD.

parity sequences

parity

each

Results for

figures and

Also shown is the single parity sequence BHD (label

BHD/1) and a turbo-code, both for a block length of

9000 information bits.

16
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It

It

It can be seen that the two parity sequence BHD

0.15dB advantage at a BER of 10 -5 compared to

original BHD scheme. The three parity sequence

gains another 0.05dB.

has

the

BHD

a

Turbo-codes perform about 0.5dB better than the

BHD schemes at BER's above 10 -5, but they suffer

from an "error floor" at BER's below 1t:) 5.

17
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All three BHD schemes perform about the same

number of computations per decoded bit, although this

is skewed by the fact that the multiple parity sequence

BHD schemes have more than one channel state

sequence, and therefore one computation is slightly

more expensive than in the single parity sequence case.

Turbo-codes, though,

computations per bit:

16 states times 18

computations

computational

1.2dB.

perform the same number of

3 multiplications per state times

iterations, for a total of 864

per decoded bit, far exceeding the

requirements of BHD at SNR's above

18
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